We theoretically address the effects of strong magnetic fields in three-dimensional Weyl semimetals (WSMs) built out of Weyl nodes with a monopole charge n. For n = 1, 2, and 3 we realize single, double, and triple WSM, respectively, and the monopole charge n determines the integer topological invariant of the WSM. Within the linearized continuum description, the quasiparticle spectrum is then composed of Landau levels (LLs), containing exactly n number of chiral zeroth Landau levels (ZLLs), irrespective of the orientation of the magnetic field. In the presence of strong backscattering, for example, (due to quenched disorder associated with random impurities), these systems generically give rise to longitudinal magnetotransport. Restricting ourselves to the quantum limit (and assuming only the subspace of the ZLLs to be partially filled) and mainly accounting for Gaussian impurities, we show that the longitudinal magnetoconductivity (LMC) in all members of the Weyl family displays a positive linear-B scaling, when the field is applied along the axis that separates the Weyl nodes. But, in double and triple WSM, LMC displays a smooth crossover to a nonlinear B-dependence as the field is tilted away from such a high-symmetry direction. In addition, due to the enhanced density of states, the LL quantization can trigger instabilities toward the formation of translational symmetry breaking density-wave orderings for sufficiently weak interaction (BCS instability), which gaps out the ZLLs. Concomitantly as the temperature (magnetic field) is gradually decreased (increased) the LMC becomes negative. Thus WSMs with arbitrary monopole charge (n) can host an intriguing interplay of LL quantization, longitudinal magnetotransport (a possible manifestation of one-dimensional chiral or axial anomaly), and density-wave ordering, when placed in a strong magnetic field.
I. INTRODUCTION
Strong spin-orbit coupling is the fundamental origin of several topological phases of matter, such as topological insulators and superconductors in two and three spatial dimensions [1] [2] [3] [4] [5] [6] . The salient features of these systems are (i) an insulating bulk (electrical or thermal), and (ii) topologically protected metallic surface states (which could be superconducting depending on the situation). Among such gapless phases, the ones (so-called Weyl materials) formed by chiral Weyl fermions have attracted considerable recent attention and may serve as an experimental platform where various exotic phenomena (such as axionic electrodynamics and chiral anomaly), which were originally proposed in the context of high energy physics and quantum field theory, may be observed in the context of solid state physics [7] [8] [9] . The current work is a comprehensive theoretical study of the strong-field magnetotransport properties of generalized three-dimensional Weyl systems (with arbitrary monopole charges) in the quantum limit.
Weyl fermions may result from complex band structures in strong spin-orbit coupled semiconductors [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] , multilayer heterostructures [25] [26] [27] [28] [29] [30] , and they can also be found inside a broken symmetry phase in strongly correlated materials, such as 227 pyrochlore iridates, as emergent quasiparticles [31] [32] [33] [34] . The Weyl semimetals (WSMs) can be classified into two broad categories: (i) Inversion (P) symmetry-breaking WSMs that are commonly found in weakly correlated semiconductors, and (ii) timereversal (T ) odd WSMs that can be found in strongly correlated materials with comparable strength of spinorbit coupling and electronic interaction. However, irrespective of the microscopic origin, WSMs are composed of Weyl nodes in the reciprocal space, where Kramers non-degenerate valence and conduction bands touch each other at the so-called diabolic points in momentum space 35 . The Weyl nodes act as the source (monopole) and sink (anti-monopole) of Abelian Berry flux, and in its close vicinity, Weyl fermions can be identified as left (right) chiral fermions. A no-go theorem guarantees the existence of an equal number of left and right chiral fermions in the system 36 . The monopole charge (n) also dictates the amount of Berry flux enclosed by a plane perpendicular to the line joining these two points and in turn defines the integer topological invariant of the system. Thus monopole charge permits a topological classification of Weyl semimetals, and for n = 1, 2, and 3 we can call them single, double and triple WSM, respectively. The most common Weyl system has just n = 1, whereas the system with arbitrary n can be regarded as a generalized Weyl system. (In the current work we consider magnetotransport in single, double, and triple WSMs although our theory is generalizable to even higher values of n, but it is well-known that Weyl systems with monopole charge n > 3 is not allowed in threedimensional lattice systems 37, 38 , and therefore our work applies to all possible physical Weyl materials that can be studied in the laboratory.) The energy-momentum dispersion of Weyl quasiparticles in these systems along various high-symmetry directions is shown in Fig. 1 . Al- Notice that E ∼ |k ⊥ | n , where n is the monopole charge and k ⊥ = (kx, ky), but E ∼ |kz| in all Weyl semimetals.
though the Weyl nodes are often accompanied by unit monopole charge, it is nonetheless conceivable to realize Weyl nodes with a higher integer charge and the system with arbitrary n can be regarded as a generalized Weyl system, such as the proposed double WSM in HgCr 2 Se 4 and SrSi 2 37-39 . Even though the material existence of a triple WSM has remained elusive so far, with the anticipated progress of materials science the discovery of such a generalized triple WSM is certainly possible. Most, if essentially not all, of the substantial theoretical literature on WSMs have focused on the single WSM because the existing experimental materials are all WSMs with n = 1. On the other hand, there are significant differences in the properties of generalized WSMs depending on their monopole charges, necessitating theoretical studies of multi-WSMs with higher (n > 1) values of monopole charges, which is what we do in the current work considering n = 2 and 3, and contrasting their properties with n = 1 WSM (and with each other).
The integer topological invariant also determines various thermodynamic, transport, and topological properties of a WSM. For example, one of the hallmark signatures of a WSM is the presence of topologically protected Fermi arc 31 that has recently been seen through angle resolved photoemission spectroscopy (ARPES), scanning tunneling microscopy (STM), and quantum oscillation measurements [17] [18] [19] [20] [21] [22] 40, 41 . In a multi-WSM the Fermi arc bears an additional n-fold degeneracy, where n is the monopole charge of Weyl nodes. Therefore, in double and triple WSMs, the Fermi arc respectively possesses two-and three fold orbital degeneracies, which, for example, can be detected in ARPES and STM. We here explore the ramifications of the underlying topological invariant of a pristine WSM, when the system is placed in a strong magnetic field. Our theoretical findings are the following:
1. When placed in a strong magnetic field, WSMs undergo Landau level (LL) quantization, supporting exactly n number of zeroth Landau levels (ZLLs), irrespective of the field orientation (within continuum approximation). All LLs, including the zeroth ones, disperse along the direction of the applied field. Thus, the orbital degeneracy of ZLL (n) gets tied with the monopole charge or topological invariant of the Weyl nodes.
2. Even though n dispersive ZLLs always go through zero energy (in the continuum limit), they are in general non-degenerate, unless the field is applied along the axis on which Weyl nodes reside in the absence of the field [see Figs. 5(a) and 5(b)].
3. Density of states (DOS) displays nontrivial dependence (such as its periodicity) on the tilting angle of the magnetic field away from a highsymmetry direction, separating the Weyl nodes [see Figs. 6 and 7] . Such intriguing features can be observed in angle resolved quantum oscillation measurements 42, 43 .
A strong magnetic field causes an effective reduction of the dimensionality of the system. In particular, each branch of ZLLs cuts the zero energy (where the Fermi energy is pinned) at two isolated points in the Brillouin zone, yielding two field-induced Weyl nodes, around which the quasiparticles are once again described as (onedimensional) chiral (left and right) fermions (We note that the effective reduction of a generic three-dimensional electron system to an apparent one-dimensional electron gas along the magnetic field direction is of course a wellknown effect of the strong field limit where LL coupling can be ignored-for WSMs this dimensional reduction leads to effectively chiral one-dimensional fermion systems.). If an electric field (E) is now applied in parallel to the magnetic field, it can produce charge transfer from left to right Weyl nodes, causing violation of separate conservation laws for left and right chiral fermions, captured by the following anomaly equation 44, 45 
Here, e is the electric charge, j µ,R/L is the charge (for µ = 0) and current (for µ = 1) operator for left/right chiral fermion, and N can be identified as the total degeneracy of the effective one-dimensional system. The total charge and current density is respectively given by j 0 = Ψ † Ψ and j 1 = Ψ † σ 3 Ψ, where Ψ = (Ψ L , Ψ R ) is a two-component spinor, describing the emergent onedimensional world. Due to the reduced dimensionality of the system, one can define σ 3 ≡ γ 5 , and accordingly we can define axial or chiral charge and current density as j = N (eE)/( π). In the language of quantum field theory, such a violation of separate conservation laws for left and right fermions is known as chiral anomaly, specific to odd spatial dimensions. In regular WSM, the degeneracy of the ZLL plays the role of N , whereas in WSMs with n = 1, N = n × LL degeneracy. Therefore, upon identifying N as the total degeneracy of the generalized WSM ZLL, we arrive at the quantum field theoretic Adler-Jackiw-Bell anomaly equation 44, 46, 47 
now generalized for the generalized Weyl system, constituted by Weyl nodes with an arbitrary (integer) monopole charge n. Notice that here electric (E) and magnetic (B) fields are strictly static Abelian background fields. We also stress that in the above expression E · B can never be negative as the B-linear dependence arises from the LL DOS, and is insensitive to the direction of applied electric and magnetic field. Such a tantalizing quantum field theoretic chiral anomaly analogy has led to considerable theoretical and experimental [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] activities aimed at demonstrating the manifestation of chiral anomaly in solid state Weyl materials through longitudinal magnetotransport (LMT) studies. It is, however, unclear that these chiral anomaly considerations apply directly in solid state materials since the nonconservation of the chiral current in the quantum field theoretic Adler-Jackiw-Bell anomaly crucially depends on the existence of an unbounded linear dispersion of Weyl fermions [44] [45] [46] [47] , whereas in all solid state systems the energy dispersion is unavoidably bounded by the natural lattice cut off. However in a pioneering work Nielsen and Ninomiya showed that certain gapless semiconductors accommodating linear touching of valence and conduction bands can give rise to LMT arising essentially from the chiral anomaly physics of current nonconservation 85 . In this regard, we must recall that almost 30 years before the proposal of Nielsen and Ninomiya, Adam and Argyres demonstrated the generic existence of LMT for conventional three-dimensional Fermi liquids, i.e., ordinary metals and doped semiconductors, without invoking the notion of chiral or axial anomaly 86 . Their derivation of LMT solely relies on few generic features of a threedimensional electronic system in a strong magnetic field: (i) the existence of one-dimensional dispersive LLs since momentum along the applied magnetic field is a conserved quantity, and (ii) at least one partially filled LL that cuts Fermi energy at two isolated points (or in general even number of points in the Brillouin zone). Therefore, the existence of LMT in the absence of the classical Lorentz force (when E and B are parallel) necessarily points toward subtle quantum mechanical effects, but not necessarily has a direct connection to chiral anomaly. Specifically, the chiral anomaly implies an LMT through the Nielsen-Ninomiya mechanism, but the reverse is not true, i.e., the existence of an LMT does not necessarily imply a chiral anomaly-LMT is necessary, but by no means sufficient, for the existence of the chiral anomaly.
Recently Goswami et al. in Ref. [87] have demon-
(Color online) Schematic representation of the applied electric (E) and magnetic (B) fields (always parallel). Quasiparticle dispersion along z direction is vzkz, while in the xy plane is proportional to |k ⊥ | n/2 , where k ⊥ = (kx, ky). Here, θ parametrizes the tilting of magnetic field away from the z direction. Weyl nodes are separated along the z direction.
strated the universal existence of LMT for "a generic three-dimensional metal." Obviously, this LMC of Ref. [87] has nothing whatsoever to do with any chiral anomaly in the quantum field theoretic sense, demonstrating that the existence of LMT by itself cannot be construed to necessarily imply the existence of a chiral anomaly in the parent material. We here follow the philosophy of Ref. [87] and show that any WSM with arbitrary monopole charge displays LMT when placed in a strong magnetic field without invoking the physics of chiral anomaly. For the sake of technical simplicity we assume that only the manifold of ZLLs is partially filled, i.e., the system is in the strong-field limit. However, our analysis can be generalized to demonstrate generic LMT in Weyl materials even when multiple LLs are partially filled. The LMT we predict theoretically is a generic property of impurity scattering in the strong-field limit as was originally pointed out in Ref. [86] a long time ago in the context of doped bulk semiconductors. Our current work is a generalization of the work of Goswami et al. 87 , who considered an ordinary 3D electron gas model for a simple metal subjected to a strong magnetic field, whereas we consider a WSM with arbitrary monopole charge n (= 1, 2, 3) subjected to a magnetic field. Our results support and further reinforce the conclusion of Ref. [87] , showing that LMC may very well be a generic property of 3D systems subjected to a strong magnetic field and impurity scattering.
In the presence of the periodic potential in a solid, arising from the ionic lattice, quasiparticles perform Bloch oscillations and consequently the system cannot sustain any finite steady-state current 88 . Nevertheless, in the presence of a momentum relaxation mechanism, which is naturally offered by impurity scattering, quasiparticles lose the freedom to perform a complete Bloch oscillation, and consequently a metallic system can support finite steady-state current, when the relaxation or transport lifetime (τ ) is much shorter than the Bloch oscillation period. (In this work, we focus on the lowtemperature situation where impurity scattering is the primary scattering mechanism for transport as phonons are mostly frozen out.) However, in the presence of a strong magnetic field, i.e., when ω c τ 1 where ω c is the cyclotron frequency, the orbit of the carriers is so curved that the period of completing a cyclotron motion becomes comparable (or actually much longer than) to the time between two successive impurity collisions. Then, the transport/relaxation time acquires a strong magnetic field dependence and τ = τ (B). In this strongfield limit, one cannot assume the relaxation time to be field-independent which is the standard approximation in metallic transport since in metals one is often in the weak-field semiclassical limit where ω c τ 1. Such a field dependence of τ is extracted here by using the quantum Boltzmann equation, but omitted in the semiclassical theory (where the transport relaxation time is taken to be field-independent), which therefore is applicable for extremely weak magnetic fields (ω c τ 1). But, for sufficiently weak magnetic fields one needs to account for yet another pure quantum mechanical effect, the weak localization 89, 90 , which arises from quantum interference of electron paths-our theory neglects the weak localization physics since the strong magnetic field completely breaks the time reversal invariance, suppressing all weak localization effects. Presently it is unknown how to take into account all of these quantum effects at an arbitrary magnetic field in a unified theoretical framework, and restricting ourselves to the strong-field quantum limit ω c τ 1 we establish the following theoretically:
1. In the presence of both Gaussian and Coulomb impurities, we extract the magnetic field dependence of transport lifetime using quantum Boltzmann equation, and show that all WSMs manifest positive longitudinal magnetoconductivity (LMC) or negative longitudinal magnetoresistivity (LMR), when the magnetic and electric fields are applied parallel to each other (see Fig. 2 ).
2. Due to the carrier-induced screening of Coulomb potential (arising from finite DOS of LLs), we mainly focus on Gaussian impurities and show that when the fields are applied along a high-symmetry axis separating the Weyl nodes, the LMC increases linearly with B in all WSMs (see Fig. 8 ). The LMC in the presence of only Coulomb impurities grows as B 2 , but only in extreme strong field limit. (We believe that the same result applies to screened Coulomb impurity potential also since screening renders the Coulomb potential into a short-range scattering potential similar to the Gaussian case.).
3. Although such a linear increase of LMC is insensitive to the field orientation in single WSMs (with monopole charge n = 1), LMC develops a nonlinear dependence on the magnetic field in double and triple WSMs when the magnetic field is tilted away from the high-symmetry axis (see Figs. 9 and 10) . Thus, the quantitative field dependence of LMC depends on the WSM monopole charge, whereas the qualitative existence of the negative LMR itself (positive LMC) is generic in all WSMs in the strong-field regime.
We also investigate the role of electronic interaction on LMT as the temperature (magnetic field) is gradually decreased (increased). The DOS in a pristine WSM scales as E 2/n and the Weyl nodes are extremely robust against weak short-range electron-electron interaction. However, due to the Landau quantization induced by the external magnetic field, the DOS for the emergent one-dimensional system (along the field direction due to the quantization of the transverse motion) is constant, which in turn can trigger various density-wave instabilities even when the electronic interaction is sufficiently weak. The main interaction effects of interactions can be summarized as the following:
1. Depending on the microscopic details, ZLLs can undergo a weak coupling (BCS-like) instability in the charge-density-wave (CDW) or spin-density-wave (SDW) channel as common in one-dimensional electron systems. Irrespective of the actual nature of the ordering the density-wave orders break the translational symmetry and gap out the ZLLs.
2. When the field is applied along the high-symmetry axis all n number of ZLLs are expected to undergo density-wave ordering simultaneously. Thus, below the transition temperature (T c ) LMC (LMR) becomes negative (positive), reversing the trend compared with the normal phase with no density-wave ordering. However, upon tilting the field away from the high-symmetry axis, the exact n-fold degeneracy of ZLLs is lifted, and the system can undergo a cascade of density-wave transitions with distinct transition temperatures. Hence, LMC/LMR in a multi-WSM is expected to display n-fold discontinuity before it becomes negative/positive.
Although such ordering in a clean system (devoid of any impurity) should take place for arbitrarily weak interaction, disorder naturally reduces the propensity towards such translational symmetry breaking ordering 91 . (We mention that there is no Anderson theorem here protecting the symmetry-broken phase against impurity scattering.) Thus clear signatures of CDW or SDW ordering can only be observed in clean systems at sufficiently low temperatures and for strong enough magnetic fields (and at low enough disorder).
The rest of the paper is organized in the following way. In Sec. II, we discuss the possibility of realizing Weyl semimetals with different monopole charge and address their topological properties (such as bulk-boundary correspondence through degeneracy of Fermi arc). Section III is devoted to the demonstration of LL spectra in single, double and triple WSMs for arbitrary orientation of the magnetic field. DOS in these systems in the presence of a strong magnetic field is presented in Sec. IV.
Longitudinal magnetotransport for all members of the Weyl family constitutes the central theme of Sec. V. Effects of various density-wave ordering on LMT are discussed in Sec. VI. We summarize the main findings in Sec. VII. Some technical details are relegated to the Appendixes.
II. WEYL SEMIMETALS: A GENERAL CONSTRUCTION AND TOPOLOGY
A WSM is realized when a three-dimensional solid state system lacks inversion and/or time-reversal symmetry, and the Kramers non-degenerate valence and conduction bands touch each other at isolated points in the Brillouin zone, known as Weyl nodes. The simplest realization (composed of only two Weyl points) arises from the following tight-binding model in a cubic lattice
is a two component spinor and σ i are three Pauli matrices. With the following choice:
where a is the lattice spacing, two Weyl nodes are located along one of the C 4v axes, namely at 
where v j s are the Fermi velocity of Weyl quasiparticles,
and the momentum (k) is measured from the Γ points. In the close proximity to these two Weyl points the low-energy excitations are respectively described by left and right chiral fermion, constituting source and sink of the Abelian Berry curvature, respectively. In an appropriate crystallographic environment it is also conceivable to realize Weyl points with higher monopole charge 37, 38 . In particular Weyl nodes with monopole charge two and three can respectively be stabilized when the underlying lattice possesses tetragonal C 4v and C 6v symmetries, respectively 37, 38 . A double WSM, for example, can be realized from Eq. (3) by choosing 92 . But, in three spatial dimensions it is impossible to realize Weyl nodes with monopole charge larger than three from an underlying lattice model.
The above construction can also be viewed in the following way that will allow us to identify the topological invariant of these systems. Note that WSMs can be constructed by appropriately stacking two-dimensional layers of quantum anomalous Hall insulators (QAHI) in the Brillouin zone along the k z -direction. A twodimensional QAHI supports quantized Hall conductivity σ xy = ne 2 /h, where n represents the number of one-dimensional chiral edge states. For each k z , satisfying − √ 2m∆ < k z < √ 2m∆ , the pseudospin texture is skyrmion, with skyrmion number n, and two Weyl nodes appear as singularities in the Brillouin zone, across which the skyrmion number jumps by ±n. When stacked along the k z direction, the chiral edge modes from twodimensional layers of QAHI produce the Fermi arc, possessing an n-fold orbital degeneracy. The topological invariant of a WSM can be assessed from the gaugeinvariant Berry curvature defined as
where n k = N k /|N k |, and n = ± corresponds to valence and conduction band, respectively. Upon evaluating the components of the Abelian Berry curvature we plot it in Figs. 3(a), 3(b) and 3(c) respectively for single, double, and triple WSM. The components of Berry curvature Ω n,k,x and Ω n,k,y are odd function of k x and k y , respectively. Hence, the number of field lines coming in and out of the xz or yz planes are equal, and the net Berry flux through these planes is zero. On the other hand, Ω n,k,z is an even function of k and the net Berry flux through the xy plane is 2πS(k z ), where S(k z ) is the Chern number of an effective two-dimensional system for a fixed
. Therefore, two Weyl points in a general WSM act as source and sink of Abelian Berry curvature, across which the Chern number of the underlying twodimensional system jumps by an integer amount n.
In the low-energy limit the Hamiltonian for an WSM, constituted by Weyl nodes with monopole charge ±n is compactly written as The majority of the known Weyl materials only break the inversion symmetry and the Weyl nodes are placed at different energies. Notice that the WSM arising from the tight-binding model, defined in Eq. (3), breaks both time-reversal and inversion symmetries, but the Weyl nodes are still located at the same energy. With simple modifications in this tight-binding model, for example by adding a term [∆ 0 + ∆ ch sin(k z c)]σ 0 to Eq. (3), the Weyl nodes can be placed at different energies, namely at ∆ 0 ± ∆ ch . Here, ∆ 0 and ∆ ch are respectively regular and chiral chemical potentials. However, our following discussion on various aspects of Weyl fermions in a strong magnetic field is qualitatively insensitive to such details of the system. Next we demonstrate how the underlying topological invariant of a WSM manifests through the LL spectrum when the system is subjected to a strong magnetic field. . At half-filling the zeroth LL cuts the Fermi energy (dotted line) at kz = ±π/(2a) (we set a = 1 for convenience) 87 . Similar LL spectrum is found for double and triple Weyl semimetals, for which, however, the zeroth LL has two and three fold degenerate, respectively.
III. LANDAU LEVELS
Effects of the magnetic field applied in an arbitrary direction, can be captured through minimal coupling k → k − eA ≡ π, where A is the vector potential, e is electronic charge and the magnetic field is given by B = ∇ × A. Before delving with the situation when the magnetic field is tilted away from the z direction (parametrized by θ, see Fig. 2 ), let us first focus on a simpler situation when the field is applied along the z-direction, i.e. B = (0, 0, 1)B, for which momentum k z is a conserved quantity. We can analytically obtain the LL spectrum 94, 95 . For simplicity, we work with the Landau gauge A = (0, Bx, 0), and define the raising and lowering operators as a = (π x − iπ y )/( √ 2 ) and
, where = /eB is the magnetic length, and [π x , π y ] = −i eB. The low energy Hamiltonian for a general Weyl semimetal then reads as
We here omit the term 2 k 2 ⊥ /(2m) with respect to k x and k y for small momentum (near the Weyl nodes), mainly since inclusion of such term causes an overall shift in the LL energy at least when B = Bẑ. The LL spectrum can then be readily obtained, yielding = s v 2
for s = ± for single, double and triple WSM, respectively. For simple WSM the ZLL is comprised of a single branch with energy
Thus, the ZLL for double and triple WSM enjoys additional two and three fold orbital degeneracy, respectively. We obtain exactly n number of ZLL in the presence of bounded dispersion from a lattice model, as shown in Fig. 4 when B = Bẑ. Details of the calculation are provided in Appendix A. Thus, the integer topological invariant of a WSM or monopole charge of the Weyl nodes sets the orbital degeneracy of the ZLL, at least when the field is applied along the separation of the Weyl nodes. When the underlying lattice potential is taken into account, giving rise to bounded dispersion, the ZLL cuts the zero energy at k z = ±π/(2a), and in the following we focus near one such Weyl point.
Next we will show that the orbital degeneracy of ZLL remains unaffected with the tilting of the magnetic field away from the z-direction (θ = 0), at least within the continuum description. For concreteness, we take the following vector potential A = (0, Bx cos θ, −Bx sin θ), giving rise to B = (0, B sin θ, B cos θ). The commutation relations between different momentum operators are given by [π x , π y ] = −i eB cos θ and [π x , π z ] = i eB sin θ. We can define a pair of raising and lowering operators as
which satisfies the standard commutation relation [a, a † ] = 1. The momentum along the magnetic field, defined as k 0 ≡ k y sin θ + k z cos θ, is a conserved quantity, and we find
The LL spectrum for an arbitrary orientation of the magnetic field (θ = 0) for arbitrary monopole charge n cannot be obtained analytically. The numerically obtained LL spectra for double and triple WSM are respectively shown in Fig. 5(a) and Fig. 5(b) , for various choices of θ. For simplicity, we have only shown the LL structure near one Weyl node, hosting a left chiral fermion. A similar structure is also realized for a right chiral fermion, and all LLs (including the zeroth one) are bounded due to the underlying lattice. Therefore, when θ = 0 the exact degeneracy among the chiral ZLLs is lifted. However, there is always n number of chiral ZLL crossing the zero energy. Such an outcome can be substantiated from the fact that in the absence of any magnetic field the monopole charge of the Weyl nodes is ±n, which in turn determines the orbital degeneracy of the ZLL. Although the LL spectrum obtained from the continuum description of WSM captures most of the essential features, a comment in this context is in order. When the field is tilted from the z direction the two copies of ZLLs in double WSM cuts the zero energy at momentum ±[π/2 ± δ(θ)]a −1 , where δ(θ) is dependent on the tilting angle, as shown in Fig. 5(a) , when the system is at half-filling. Similarly, in triple WSM the ZLL cuts the 5(b) , the conserved momentum k 0 is measured from one of the emergent Weyl nodes in magnetic fields, located at π/(2a). Next we discuss the resulting WSM DOS in the presence of a magnetic field.
IV. DENSITY OF STATES
It is instructive to study separately the DOS in single, double, and triple WSM, when placed in a magnetic field, as it can be directly tested in angle-resolved quantum oscillation measurements 42, 43 . In the presence of strong magnetic fields the kinetic energy in the plane perpendicular to B is completely quenched, while the LLs remain dispersive in the one dimension along the applied magnetic field. Thus the magnetic field causes an effective dimensional reduction of the system, and the WSM in the external magnetic field can be viewed as a collection of one-dimensional systems with multiple subbands. The DOS of such a system can be found from the following definition:
where m labels different subbands, and k is the conserved momentum of the one-dimensional conducting channel along the magnetic field direction, and L is the linear dimension along the field direction. The DOS for a single WSM can be obtained in a closedform. We first note that the dispersion for a single WSM can be cast in the following form:
where w = √ m 1 and 1 = √ 2 α 1 / . In such a system each m ≥ 1 LLs crosses the Fermi energy µ twice, at k c = ± µ 2 − w 2 /( v z ), whereas the m = 0 LL only cuts the Fermi energy once, at k = −µ/( v z ). Therefore, the DOS for this single WSM is given by
where D 0 = L/(2π v z ) and Θ(x) is the Heaviside Theta function.
Similarly we can find the DOS for double WSM analytically when the field is along the k z direction. The dispersion relation is then readily obtained from Eq. (12) after replacing w by w = m(m − 1) 2 , where 2 = 2 2 α 2 / 2 , and the DOS for such a system is given by
where we have accounted for the two-fold degeneracy of the ZLL. The above expression for the double WSM is plotted as black lines in Fig. 6 . Similarly, it is easy to show that when the field is applied along the z direction the DOS in triple WSM is given by
, as shown by the black lines in Fig. 7 .
For arbitrary orientations of the magnetic field, we compute the DOS numerically. In Fig. 6 we display the calculated DOS for three different orientations of the field in a double WSM. We find that the LL spacing continues to increase when the field is gradually tilted from 0 to π/2. We also notice that as θ → π/2 an additional peak in DOS gradually develops within the manifold of ZLLs, which, however, can be an artifact of the continuum model. A similar result also holds for triple WSM, as shown in Fig. 7 .
The DOS dictates the pattern of quantum oscillation measurements (through Shubnikov-de Haas effect or De Haas-van Alphen effect) of all transport and thermody- namic quantities. Therefore, the proposed anisotropic structure in DOS for multi-WSM can be detected from angle resolved quantum oscillations 42, 43 . Such experiments can also test the robustness of the emergent peak in DOS within the ZLL of double WSM by tilting the magnetic field from the z direction toward the xy plane.
V. LONGITUDINAL MAGNETOTRANSPORT
As shown in Sec. III, in the presence of strong magnetic fields the quasiparticle spectrum in any WSMs breaks into a set of LLs that remains dispersive along the direction of the applied field. Therefore, the application of an external magnetic field effectively breaks the system into a set of one-dimensional conducting wires, which is responsible for LMT. For the sake of simplicity and specificity, we assume that the external magnetic and electric (E) fields are always parallel to each other (see Fig. 2 ). When B and E are not parallel, the transport occurs through both longitudinal and transverse components. However, the analysis of the transport properties for an arbitrary relative orientation of B and E fields falls outside the scope of the current work. To sustain a steady-state current, we take into account impurityinduced backscattering between the magnetic field induced emergent one-dimensional Weyl nodes, while the forward scattering contributes to the Dingle factor for quantum oscillations. When such scattering is accounted for, the LMC (intra-band) can be written as
where the sum is over all partially filled Landau levels labeled by α, g α is the additional degeneracy due to internal degrees of freedom (such as spin), v F,α (B) is the field dependent Fermi velocity obtained by linearizing the LL spectrum around the emergent one-dimensional Weyl nodes, and τ α (B) is the transport lifetime (obtained from backscattering, since forward scattering does not contribute to the resistivity). We here use the linearized Boltzmann equation to compute the lifetime and numerically extract the effective field dependent Fermi velocity by linearizing the spectrum of the ZLLs around the emergent one-dimensional Weyl nodes. We assume that only the subspace of ZLLs is partially filled and contributes to LMT. Two sources of elastic scattering are taken into account: (i) Gaussian disorder with
where R 0 is the range of the impurity potential, and (ii) long-range ionic impurity scattering characterized by the screened Coulomb potential
where U c 4πe 2 /κ is the strength of the Coulomb impurity, and q TF is the Thomas-Fermi wave vector q TF ,
which is also a function of the magnetic field. Therefore with an increasing magnetic field, the screened Coulomb impurity potential gets more and more short-ranged as q TF increases. The increase in screening with increasing magnetic field follows from the enhancement of the DOS by the magnetic field. Note that in the extreme strong field limit the screened Coulomb potential becomes very small as q TF diverges.
A. Linearized Boltzmann equation
The transport lifetime τ α (B) can be obtained from the linearized Boltzmann equation, which reads as
where the impurity matrix element squared is given by
After some involved algebra, the linearized Boltzmann equation can be cast in the following compact form
where k F,α > 0 is the magnitude of the one-dimensional Fermi momentum in Landau level α, v α is the corresponding Fermi velocity and n i is impurity density. The effective one-dimensional interaction potential U α,β (q z ) has the following form
where U (q ⊥ , q z ) is the impurity potential, and S α,β (q ⊥ ) satisfies the relation
One can then solve the coupled equations in Eq. (21) and obtain the transport lifetime τ α for each LL contributing to LMC.
We can obtain the analytical expression for effective one-dimensional potentials from Eq. (22) , when the field is applied along the z direction (along which the Weyl nodes are separated in the absence of magnetic field). Let us first consider only the Gaussian impurity potential, for which the effective one-dimensional potential in a single WSM is given by
where λ = R 2 0 / 2 B . However, with additional branches within the subspace of ZLLs, such as in double WSMs, supporting two ZLLs, there are the following two additional components for the effective potential
which respectively describes scattering potential within the N = 1 ZLL and that between N = 0 and N = 1 ZLLs. The above formalism can immediately be generalized for triple WSMs, supporting three copies of ZLL.
Similarly the effective one-dimensional potential arising from Coulomb impurities is given by
where
where y = η 2 /2 and Γ(s, z) is the upper incomplete Gamma function. For double WSMs, the two additional components of the one-dimensional potential are
where the subscript notations are the same as that for Gaussian impurities. Note that in the extreme strong field limit, i.e., y → ∞, all three effective potentials have an identical asymptotic form |U
. For an arbitrary orientation of the magnetic field, we extract the effective onedimensional potentials numerically. Next we discuss the LMC in single, double and triple WSM separately.
B. Magnetotransport in a single Weyl semimetal
To set the stage, we begin with the discussion of LMT in single WSM. In the presence of only Gaussian impurities, the scattering lifetime in single WSM is given by and the corresponding LMC is
) and t = R 0 /a. We have used the fact that the Fermi wave vector for backscattering in a single WSM is q z = π/a. Therefore, LMC in single WSM, subject to only Gaussian impurities, increases linearly with the magnetic field, as shown in Fig. 8 (black curve) .
The scattering lifetime due to Coulomb impurities in a single WSM is given by
B /2. Therefore, the total scattering lifetime (τ ) in the presence of both Gaussian and Coulomb impurities is given by
following the Matthiessen's rule which is well-valid at low temperatures. Thus the total LMC in a single WSM is
Notice that in the presence of only Coulomb impurities the LMC grows as B 2 in the extremely strong field limit. However, in the strong magnetic field limit Gaussian impurities dominate the LMT (since typically τ C τ G ) and from here onward we only take into account the scattering lifetime arising from Gaussian impurities since the screened Coulomb disorder induced magnetoresistance vanishes in the strong-field limit as 1/B 2 .
C. Magnetotransport in a double Weyl semimetal
For a double WSM at half filling, the coupled equations in Eq. (21) can be simplified since the Fermi velocities of the two ZLLs are exactly the same by symmetry. As a result the two coupled equations for the transport lifetime can be rewritten as
LR , (34) where v F represents the same Fermi velocity for the two ZLLs, which we label R and L, as shown in Fig. 5(a) . The backscattering potentials can be written as
where U i,j (x) is defined in Eq. (22) and by symmetry I (±)
RL . Therefore, one of the scattering lifetimes is τ R = (36)
, and τ L is obtained after taking L ↔ R in the above expression. Since the Fermi velocities of the two ZLLs are identical at half-filling, the total transport lifetime is τ L + τ R and the LMC assumes the form
where K G (B, θ) is a dimensionless quantity, which for θ = 0 reads as 
We display σ G (B) for θ = 0 in Fig. 8 (red curve) . Thus for zero-range (R 0 = 0) impurities the LMC is constant, whereas for Gaussian impurities it increases monotonically and linearly with magnetic field B, thus giving rise to positive LMC. Also notice that in the limit t 1 (corresponding to fat Gaussian impurities) or λ 1 (corresponding to strong magnetic field) the LMC for a double WSM is exactly twice that of a single-Weyl semimetal [see Eq. (30) and Fig. 8 ], since the scattering between two Landau levels with different indices "L" and "R" will be suppressed in comparison to that within the same LL. Thus in the strong field limit (λ 1) or fat Gaussian impurity (t 1) limit the two ZLLs become effectively decoupled and conduct independently.
For general orientations of the magnetic field we cannot obtain the LMC analytically and we have to resort to a numerical approach. The results are shown in Fig. 9 . It is interesting to notice that when θ = 0, LMC develops nonlinear dependence on the field, and only at sufficiently strong fields the B-linear LMC is recovered. Such non-trivial dependence on magnetic field and tilted angle should be experimentally observable in transport measurements. For LMC in double WSM in the presence of only Coulomb or ionic impurities see Appendix B.
D. Magnetotransport in a triple Weyl semimetal
Finally we discuss LMC in triple WSM by restricting ourselves to Gaussian impurities. Unlike double WSM, the Fermi velocities of the three ZLLs (at and near half filling) are no longer equal: in general we have v L = v R = v C , where L, C, and R are the labels for the three branches of ZLL, shown in Fig. 5(b) . The LMC then assumes the following form:
where The LMC in a triple WSM can be obtained analytically when the magnetic field is applied along the z direction (θ = 0), see Fig. 8 (blue curve). Notice all three Fermi velocities are then equal (w = 1). For sufficiently strong magnetic fields (λ 1) or fat Gaussian impurity potential (t 1), three ZLLs again behave as decoupled one-dimensional wires and the LMC in a triple WSM is three times that of a single WSM; compare black and blue curves in Fig. 8 .
For arbitrary orientations of the magnetic field, we compute various scattering elements, shown in Eq. (39), numerically. In particular, notice that three Fermi vectors for backscattering have the magnitudes of π/a, and π/a ± k c , respectively, where k c is again a function of the direction and strength of the applied magnetic field. The resulting LMC in triple WSM is shown in Fig. 10 . Similar to the situation in double WSM, the LMC in triple WSM also exhibits an anisotropic angular dependence on the field orientations. In particular, as the tilting angle θ increases LMC displays a smooth and monotonic crossover from B-linear to nonlinear in B dependence, but LMC always remains positive.
The magnetotransport results presented in this section are valid only when the WSM remains in its normal "Fermi liquid" phase, i.e., there is no symmetry-breaking transition induced by interactions. Any quantitative interaction effects can be included in the theory simply by reinterpreting each parameter (e.g., Fermi velocity, DOS) as the corresponding renormalized quantity within a Fermi liquid type many-body renormalization without any quantum phase transition. In particular, the theory of this section would not apply in the presence of any field-induced density-wave ordering transition which might happen because of electron-electron interactions. Next we will discuss the effect of various density-wave ordering within the manifold of ZLLs and its effects on LMT.
VI. ELECTRONIC INTERACTION AND DENSITY-WAVE ORDERINGS
The DOS in a WSM, constituted by Weyl nodes with monopole charges ±n, vanishes as E 2/n as one approaches the Weyl points. Here the energy E is measured from the Weyl points. Therefore, any weak electronelectron interaction (restricting ourselves to Hubbard-like local interactions, as appropriate for tight-binding lattice models) is an irrelevant perturbation around the noninteracting Gaussian fixed point, and Weyl semimetals describe an infrared stable fixed point in the language of renormalization group. However, a strong magnetic field quenches the quasiparticle dispersion into a set of discrete LLs, all of them dispersing along the applied magnetic field. The DOS for such effective one-dimensional systems is constant, significantly enhancing the effects of electron-electron interaction. Therefore, sufficiently strong magnetic fields can hybridize the emergent Weyl nodes and gap them out through the formation of a density-wave order that breaks the translational symmetry. This density wave ordering arises from the system minimizing the interaction energy at the cost of kinetic energy which is quenched by the magnetic field. Such a mechanism of developing density-wave order remains operative in any interacting three-dimensional electronic system in the presence of a strong external magnetic field 94, [96] [97] [98] , and is akin to the density wave ordering in effective one-dimensional electron systems. In the continuum limit the CDW or SDW order breaks an emergent continuous U (1) translational symmetry 94, [99] [100] [101] , and disorder can couple to density-wave order as random field. The Imry-Ma argument then prohibits such an order from acquiring a true long-range order 91 . However, in the presence of an underlying lattice, the density-wave orders only break discrete translational symmetry. Hence, our proposed density-wave order (CDW or SDW) can exhibit a true long range ordering and may be observable at moderately strong magnetic fields. For the sake of simplicity, we here assume that only the manifold of ZLLs are partially filled, and concomitantly, density-wave ordering develops within this manifold. The following discussion can easily be generalized when multiple LLs are partially filled, but the quantitative details will be different with the density wave ordering trend being suppressed as more LLs participate in the energetics. The actual nature of the density-wave ordering (CDW or SDW) within ZLLs depends on the microscopic details of the Weyl system, as we discuss below.
To capture the low energy physics in such WSMs we appropriately define a four component spinor as
, where Ψ X ( k) are two component spinors for left (L) and right (R) chiral fermions, organized as
In this notation, Weyl nodes are located at ± Q and ↑, ↓ are the Kramers partners or two spin projections. Let us first focus on the low energy Hamiltonian for WSMs, shown in Eq. (6), which can be written compactly as
where θ k = tan −1 (k y /k x ). For such Weyl systems Q = Qẑ, hence the Weyl nodes are along the z direction. Notice that two distinct types of density-wave orders, namely the CDW and SDW, can gap out the Weyl nodes at the cost of the translational symmetry. Respectively the effective single-particle Hamiltonian in the presence of these two orderings are
In the continuum description φ is a continuous variable, and these two ordered phases break continuous U (1) chiral symmetry generated by U c = τ 3 ⊗ σ 0 , representing the generator of translational symmetry 94 , and [H 0,n , U c ] = 0, whereas {U c , H x } = 0 for x = C and S. But, the underlying lattice potential lifts such continuous symmetry and prefers a certain locking angle for the order parameter. Therefore, the ordered phase is not accompanied by true massless Goldstone mode, similar to the situation with underlying valence bond solid or superconductor in two-dimensional graphene 102 . Even though both CDW and SDW orders gap out the ZLLs, a subtle competition between these two orders may ultimately determine the actual pattern of the symmetry breaking. Notice that {H 0,n , H S } = 0 and the SDW order stands as a chiral symmetry breaking mass for Weyl fermions. Thus, when SDW order sets in, besides gapping out the ZLLs, it also pushes down all filled LLs, following the spirit of magnetic catalysis 103, 104 . Hence, the SDW order appears to be energetically favored over CDW, when Weyl nodes are located along one of the C 4v axes of a cubic system, for example k z .
It is also conceivable to realize the Weyl semimetals for which the low energy Hamiltonian is given by (42) when the Weyl nodes are located along (1,1,1) direction in a cubic system, for example, and Q = Q(1, 1, 1)/ √ 3. Once again both CDW and SDW orders can generate a spectral gap within the manifold of ZLLs. However, the role of the CDW and SDW orders is now reversed; CDW representing a chiral symmetry breaking mass. Hence, in a WSM for which the Weyl nodes are placed along one of the C 3v axes of a cubic system and the low energy Hamiltonian assumes the form in Eq. (42) , the CDW order is energetically favored over the SDW one. Thus the nature of the density-wave ordering crucially depends on the microscopic details of the system. However, the signature of such translation symmetry breaking ordering on LMT is qualitatively insensitive to its actual nature since in both cases gaps open up in the spectrum. As shown in the previous section, due to partially filled subspace of ZLLs, all WSMs manifest positive LMC or negative LMR, when these systems are placed in a strong magnetic field. On the other hand, electronic interaction can be conducive for translational symmetry breaking CDW or SDW order that produces a spectral gap within the ZLL. With the onset of such insulating ordering there is no partially filled LL in the system and LMR (LMC) can now manifest an upturn (downturn) and become positive (negative) in a strong magnetic field. Although such an instability occurs for an infinitesimal strength of interaction (as appropriate for the effective one-dimensional nature of the WSMs in the strong magnetic field) in a clean system for T < T c , with T c being the transition temperature that scales as T c ∼ exp[−1/(gD(B))], where g is the strength of interaction responsible for densitywave ordering and D(B) is the DOS of ZLLs (following the BCS scaling law), the presence of disorder may hinder its onset. This can be seen most easily by realizing that the DOS D(B) is suppressed by impurity scattering (e.g. Dingle temperature effect) leading to a strong suppression of T c 97 . Thus only for sufficiently strong magnetic fields and at low temperature these orderings can set in and the system can display an upturn in LMR. Also, the system is more likely to manifest the density wave instability for larger interaction strengths since increasing g enhances T c . When the magnetic field is applied along z direction, all ZLLs are degenerate in double and triple WSM (in a single WSM there is always only one ZLL); hence they simultaneously undergo manybody instability toward the formation of a density-wave order as temperature is gradually lowered below T c . Concomitantly, all WSMs display negative LMC or positive LMR above a unique strength of magnetic field B > B * , when the field is applied along the z direction. The periodicity of such density-wave ordering is 2π/(2a). However, the situation changes dramatically when the field is tilted away from the z direction in double and triple WSMs.
As shown in Sec. III, when the magnetic field is tilted away from the z direction, the exact degeneracy among the ZLLs in double and triple WSM is lifted. As a result, the density-wave ordering in each ZLL is characterized by different transition temperatures, even though the degeneracy of the ZLL does not change with the field orientation, which can be qualitatively understood in the following way. For the sake of simplicity we can assume that short-range interactions arise from its long range Coulomb tail, which in three spatial dimensions scales as V (q) ∼ q −2 . Then it is natural to assume that electronic interaction is stronger for density-wave ordering with smaller wave vectors since V (q) increases for smaller q. Therefore, in double WSMs, as the temperature (magnetic field) is gradually lowered (increased) the Fermi points marked by R get gapped out first, followed by the ones marked by L [see Fig. 5(a) ]. The periodicity of density-wave ordering in the R and L channels is respectively 2 [π/2 ± δ(θ)] /a where δ(θ) depends on the orientation of the magnetic field. Similarly, in triple WSM, the mass generation first takes place among the R points, followed by the C points and finally the L points, see Fig. 5(b) . The periodicity of density-wave ordering in these three channels are 2 [π/2 + j δ(θ)] /a, for j = −1, 0, 1 respectively for R, C and L channels. Thus as the temperature is gradually lowered in double and triple WSMs (with field tilted away from the z direction), they undergo a cascade of transitions into density-wave phases with different periodicity, and below each such transition temperature the LMC displays discontinuity and its rate of growth decreases, before it becomes negative when all ZLLs are gapped out, as shown in Figs. 11 (b) and 11 (c) . In other words, in single WSM the LMR becomes positive once the density-wave ordering sets in, while in double (triple) Weyl semimetal LMR should display a two (three) stage transition toward a positive value. The separation among the transition temperature or onset magnetic field (B * j ) among various density-wave transitions (hence the distance among various discontinuities in LMC/LMR) gets bigger as the magnetic field is gradually tilted away from the z direction, since the emergent one-dimensional Fermi points gets further separated with increasing tilting of the magnetic field away from the axis separating two Weyl nodes [see Figs. 5(a) and 5(b) ]. Such steps in LMR can possibly be detected in experiments and may serve as an indication for density-wave ordering in the system.
VII. SUMMARY AND DISCUSSION
To summarize, we here address several important aspects of Weyl semimetals when these systems are placed in a strong magnetic field. In the absence of magnetic fields, three-dimensional Weyl semimetals are constituted by Weyl nodes that can be classified according to the monopole charge n = 1, 2 and 3. The integer monopole charge (n) determines the topological invariant of a Weyl semimetal, and the surface Fermi arc in such systems possesses an additional n-fold orbital degeneracy. When placed in a magnetic field, the underlying topological invariant manifests itself through the number of chiral zeroth Landau levels. Thus double and triple Weyl semimetals respectively support two and three copies of the zeroth Landau level while a regular or single Weyl semimetal does not have any additional degeneracy when the magnetic field is applied in the z direction, along which the Weyl nodes are separated in the momentum space. The same conclusion also follows from a calculation based on a lattice model as shown in Appendix A. Within the framework of the continuum description of these system, we always find n zeroth Landau levels, irrespective of the direction of the applied magnetic field, although their exact degeneracy breaks down when the field is tilted away from the z direction. Also the density of states in the presence of Landau levels displays a strong angular dependence which can be observed in angle resolved quantum oscillation experiments.
We also show that the formation of Landau levels in Weyl materials can lead to longitudinal magnetotransport. To obtain the WSM magnetoconductivity we use the relaxation mechanism arising from the backscattering by impurities and taking into account two sources of elastic scattering (a) Gaussian impurity and (b) Coulomb impurity. However, due to finite density of states, the scattering potential in the effective one-dimensional Landau levels is always short ranged, and we mainly focus on the Gaussian disorder since the Coulomb disorder is screened by the carriers. Assuming that (i) the system is in the quantum limit (ω c τ > 1), and (ii) only the subspace of zeroth Landau level is partially filled, we calculate the magnetic field dependence of transport lifetime in the presence of strong backscattering using the quantum Boltzmann equation, showing that the longitudinal magnetoconductivity increases linearly with the applied magnetic field when the field is applied along the separation of Weyl nodes in the pristine system. Within the low-energy approximation, we find that such linear-B dependence of the longitudinal magnetoconductance in double and triple Weyl semimetals smoothly crosses over to a nonlinear B dependence when the field is tilted away from the z direction, which can be tested experimentally. The longitudinal magnetoconductivity in all Weyl semimetals scales as B 2 when the magnetic field is applied along the separation of two pristine Weyl nodes, in the presence of Coulomb/ionic impurities, but in the extremely strong field limit.
In order to verify our predictions of LMC in systems dominant by Gaussian (short-ranged) and Coulomb (long-ranged) impurities, as well as the crossover between them, one can systematically introduce short-ranged or long-ranged impurities in a given sample, and vary their concentrations in a controlled way. The Gaussian and Coulomb disorder could arise from neutral and charged impurities/defects respectively, which are often invariably present in electronic materials anyway. For example, long-range disordered potentials can be generated by dopant charged impurities, while short-range disordered potentials can be introduced by radiation damage. Such an experimental technique provided the key evidence in finding out the relative importance of long-range versus short-range disorder potentials in the transport properties of graphene [105] [106] [107] [108] . A similar technique could in principle be used in WSMs to test our predictions with respect to longitudinal magnetotransport.
Our current work on the magnetotransport properties of 3D WSMs, along with the earlier work of Goswami et al. 87 on magnetotransport in ordinary 3D metals which we follow, reinforce the point that positive longitudinal magnetoconductance may be a generic behavior in 3D systems subjected to a strong magnetic field and quenched disorder (i.e., impurity scattering). Much caution should therefore be used in interpreting the mere observation of a positive LMC as evidence in support of a chiral anomaly. While the chiral anomaly indeed implies positive LMC, the reverse is not true. Indeed, recent experiments 79, 84 find the presence of LMC in various 3D systems subjected to external magnetic fields where chiral anomalies are not expected to be operational.
Finally, we also address the effects of electron-electron interaction on longitudinal magnetotransport in Weyl semimetals. Due to their finite density of states of effective one-dimensional system, Weyl fermions are susceptible to various types of translational symmetry breaking density-wave ordering (charge or spin depending on microscopic details) even for infinitesimal strength of interaction in the presence of strong external magnetic fields. Since a single Weyl semimetal hosts one zeroth Landau level, the onset of a density-wave order immediately gives rise to positive longitudinal magnetoresistance. Such upturn in LMR can be observed below the transition temperature for sufficiently strong magnetic fields. A similar situation arises in double and triple Weyl semimetals when the field is applied along the z direction, since all zeroth Landau levels are exactly degenerate. However, the situation changes dramatically as the applied field is gradually tilted away from the z direction. Since, the two/three zeroth Landau levels in double/triple Weyl semimetals are no longer degenerate, they respectively undergo two and three transitions into density-wave phases, characterized by different periodicity as well as transition temperature. Thus, as the temperature is gradually lowered in the presence of a strong magnetic field (applied at a finite angle with respect to the z direction), the decrease of the longitudinal magnetoresistance with magnetic field gets slower across each such transition, before it finally becomes positive when all members of the zeroth Landau level are gapped out by density-wave orderings. Thus future experiments in various members of Weyl semimetals, when placed in a magnetic field, can display intriguing confluence of Landau quantization, longitudinal magnetotransport (possibly manifesting one-dimensional chiral or axial anomaly), and interaction driven charge/spin-density-wave ordering. We note that the density wave ordering, particularly any charge density-wave ordering, should also generate a lattice Peierls instability in the WSM through the electron-phonon coupling, which could in principle be directly observed in a neutron scattering experiment in an external magnetic field. 
where n is the monopole charge. If the applied magnetic field is along the z direction, the Landau level spectrum 
where z = t z cos(k z ) − m z , and N is the Landau level index. The energy dispersion for double (n = 2) and triple (n = 3) WSM can be similarly obtained as follows, , which is valid for N ≥ 2 and N ≥ 3, respectively. The resulting LL spectrum for single WSM has already been displayed in Fig. 4 . The energy of the ZLL (respectively one, two and three fold degenerate in single, double and triple WSM) is
and throughout we measured the energy from the reference value or zero point energy 2 /(2m
In this appendix we want to briefly discuss the LMC in double WSMs only in the presence of Coulomb impurities. The results are displayed in Fig. 12 for various field orientations. We note that typically the transport lifetime due to Coulomb impurities are much longer than that for Gaussian impurities. Thus according to the Matthiessen's rule, shown in Eq. (32), the transport lifetime is dominated by Gaussian impurities. However, in the complete absence of Gaussian impurities, one can expect to observe the LMC shown in Fig. 12 . We also want note that LMC driven by Coulomb impurities will show a B 2 dependence only in the limit of B → ∞. We also find similar field dependence of LMC in the presence of only Coulomb impurities in single as well as triple WSMs.
